5-INTEGRAL PREPERIODIC POINTS FOR DYNAMICAL 
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CLAYTON PETSCHE 

Abstract. Given a rational map <f> : P 1 — » P 1 defined over a number 
field K, we prove a finiteness result for (^-preperiodic points which are S- 
integral with respect to a non-preperiodic point P, provided P satisfies 
a certain local condition at each place. This verifies a special case of a 
conjecture of S. Ih. 



1. Introduction 

Let K be a number field with algebraic closure K, let S be a finite set of 
places of K including all of the archimedean places, and let O5 denote the 
ring of S'-integers in K. Given two points P, Q E F 1 (K), we say that Q is 
.S'-integral with respect to P if the Zariski closures of P and Q do not meet 
in the model P^ s for F 1 . Intuitively, this means that P and Q have distinct 
reduction with respect to each place of K lying over the places of K outside 
S. 

Let (ft : P 1 -> P 1 be a rational map of degree at least two defined over 
K. A point P G P 1 (K) is called periodic (with respect to (ft) if (ft n (P) = P 
for some n > 1, where <p n denotes the map (ft composed with itself n times. 
More generally, P is called preperiodic if some iterate <ft n (P) of it is periodic. 
By analogy with several well-known results in Diophantine geometry, S. Ih 
has conjectured the following finiteness property for S'-integral preperiodic 
points. 

Conjecture 1 (Ih). Let K be a number field, let (ft : P 1 — > P 1 be a rational 
map of degree at least two defined over K , and let S be a finite set of places 
of K including all of the archimedean places. Let P £ ¥ 1 (K) be a non- 
preperiodic point. Then the set of preperiodic points in P 1 ^) which are 
S-integral with respect to P is finite. 

Baker-Ih-Rumely pQ have proved this conjecture in the following cases: 
(a) (ft{z) = z n for some n > 2, where z denotes the standard affine coordinate 
on P ; (b) (ft is a Lattes map associated to an elliptic curve E/K; and (c) 
(ft is a Chebyshev map (although in this latter case they do not work out 
the details in PQ). In all three of these cases the map (ft is defined via the 
multiplication-by-n map on a commutative algebraic group G (either G m or 

Date: September 11th, 2007. 

2000 Mathematics Subject Classification. 11G50, 11R04. 

1 



2 



CLAYTON PETSCHE 



E), in the latter two cases by replacing G with a quotient of itself by some 
nontrivial automorphism. The 0-preperiodic points on P 1 are thus closely 
related to the torsion points on the group G. 

In this paper we will prove a special case of Conjecture Q] which holds 
for an arbitrary map <j), but which requires certain local conditions on the 
non-preperiodic point P G F 1 (K). For each place v of K, the map (j) '■ 
P^Cv) -» P^C) determines a decomposition P^C) = .7^(0) U J v {4>) of 
the projective line into two disjoint subsets, the the v-adic Fatou set ^((fi) 
and Julia set J v ((f)) . We will recall the definitions of these two sets in §2.31 
but intuitively one thinks of the dynamical behavior of (ft as being "stable" 
on the Fatou set, and "chaotic" on the Julia set. Given a point P G P 1 (A') 
and a place v of K, we say that P is a totally Fatou point at v (with respect 
to (j)) if each of the [K(P) : K] embeddings of P into P 1 (C„) is contained in 
the Fatou set F v (</>). 

Theorem 1. Let K, S, 4> : P 1 -> P 1 , and P G P^A) safe/y i/ie same 
hypotheses as in Conjecture^ Assume in addition that P is a totally Fatou 
point at all places v of A. Then the set of preperiodic points ¥ 1 (K) which 
are S-integral with respect to P is finite. 

If v is an archimedean place, then there are examples of rational maps 4> 
for which the Fatou set .7^(0) is empty; in this case it is impossible for any 
point to be totally Fatou at v. However, in all other cases ,F„(</>) is "large" in 
the sense that it is an open, dense subset of P 1 (C t) ), and thus there is a sense 
in which totally Fatou points are generic. Moreover, if v is non-archimedean 
and (f) has good reduction at v, then !F V (4>) = P 1 (C„). In particular, every 
point in ¥ l (K) is totally Fatou at every place of K outside of a finite set of 
places depending only on (f>. 

Example 1. Let K = Q, let S contain only the archimedean place, and 
identify P X (Q) = Q U {oo} by the standard affine coordinate z = (z : 1), 
where oo = (1 : 0). In this case the set of S'-integral points with respect 
to oo is precisely the set Z of algebraic integers in Q. Define (f) : P 1 — > P 1 
by (j)(z) = z 2 /(z 2 + 4z + 1). The point oo is not preperiodic, and at the 
archimedean place it is attracted to the super- attracting fixed point 0; hence 
oo is in the archimedean Fatou set. Since (j) nas good reduction at all non- 
archimedean places, every point (in particular oo) is Fatou at those places. 
Theorem [1] implies that only finitely many elements of Z are (^-preperiodic. 
It is easy to see that <fi is not covered by the results in [I], and thus gives 
a genuinely new example of the finiteness property predicted by Conjecture 

m 

Example 2. With K = Q and S as above, consider any monic polynomial 
4»(z) G 7j[z] of degree d > 2; thus oo is fixed by (j). All of the (infinitely many) 
preperiodic points except oo are in Z, since any root of (p m (z) — (f> n (z) = 
for < n < m is an algebraic integer. This shows that in Conjectured! the 
requirement that P is not preperiodic cannot be omitted. 
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Example 3. With K = Q and 5 as above, let <j>(z) = 2z 2 /{4z 2 + 7z + 1). 
The point oo is not preperiodic, and is Fatou at the archimedean place and 
at all odd primes. However, oo is in the 2-adic Julia set J72 (</>)• Thus, 
while Conjecture Q] predicts that only finitely many elements of Z are <fi- 
preperiodic, our local methods are not enough to deduce this. [To check 
the claims made here, it helps to know that <fi = f^ 1 o ip o /, where ip(z) = 
(z 2 - z)/2 and f(z) = {Az + l)/z, and that J 2 (ip) = Z 2 .] 

The primary tool in the proof of Theorem [1] is the equidistribution the- 
orem for small points with respect to the canonical height associated 
to 4>, which for each place v of K governs the limiting distribution of such 
points on the Berkovich projective line P\ associated to W l (C v ). Following 
the initial approach of Baker- Ih-Rumely [I], we assume on the contrary that 
the set of preperiodic points which are S-integral with respect to P is in- 
finite. The idea is to then use the equidistribution theorem at each place 
v E S to test these preperiodic points against a certain function F on Pj,, 
which is defined as a sum of Arakelov-Green's functions, and to achieve a 
contradiction to the assumption that P is not preperiodic. 

However, this approach is complicated by the fact that the function F 
has logarithmic singularities at the embeddings of P into P„, and thus the 
equidistribution theorem does not apply directly. In the special cases aris- 
ing from algebraic groups treated in [lj, Baker- Ih-Rumely get around this 
problem by replacing F with a truncation F* depending on other param- 
eters, and combining: (a) a global Diophantine ingredient (linear forms in 
logarithms) to ensure that preperiodic points do not get too close to the 
point P in terms of their heights and degrees; and (b) a quantitative version 
of the equidistribution theorem. 

In this paper we use the totally Fatou hypothesis to prove the finiteness 
result using purely local means. Our proof makes essential use of the fol- 
lowing two properties of the Fatou set F v {4>): (a) the preperiodic points 
are discrete in ^{(f) (Proposition [2]), and (b) the target measure in the 
equidistribution theorem is supported outside T v {4>)- These two facts al- 
low the truncation argument to proceed without the use of linear forms in 
logarithms, and without a quantitative equidistribution theorem. 

Finally, we remark that if v is a place at which the Julia set J v {4>) is 
nonemtpy, then it is known (due to Fatou and Julia in the archimedean 
case, and Hsia in the non-archimedean case) that each point of J v {(p) is a 
limit point of preperiodic points. Therefore, Theorem Q] is in some sense the 
most general result toward Conjecture [1] which can be proved using purely 
local methods; any further progress should require the use of some global 
Diophantine arguments. 

Acknowledgment. The author thanks Rob Benedetto for pointing out 
Rivera-Letelier's results and their application to the proof of Proposition [2] 
in the non-archimedean case. 
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2. Rational Dynamics Over Local Fields 

2.1. Local analytic preliminaries. Let v be a place of the number field 
K, let | • \ v be an absolute value associated to v, and let be the completion 
of the algebraic closure of the completion of K at v; thus C v is the smallest 
algebraically closed extension of K which is complete with respect to | • |„. 
Define a norm || • ||„ on by ||z||„ = fl^olu + I^ilv) if v 1S archimedean, and 
by \\z\\ v = maxjl^olt;, \zi\ v } if v is non-archimedean, where z = (zq,zi) G C^. 
The projective metric 5 V (-,-) on P 1 (C ?J ) with respect to this absolute value 
is defined by 

\\ z \\v\\w\\v 

where z, w G are lifts of P, Q G P 1 (C, ; ) respectively, and where z A w = 
zqWi — ziWq. For each P G P 1 (C„) and r > 0, we denote the open disc of 
radius r about P by D r (P) = {Qg P 1 ^) | S v (P, Q) <r}. 

2.2. Reduction. Suppose that v is a non-archimedean place of K. We let 
O v denote the ring of integers in C v , M v its maximal ideal, and k v = O v /M v 
the residue field. Let denote the usual integral model for P 1 , and let 
r v : P 1 (C„) —s- F 1 (k v ) be the induced reduction map. It is straightforward 
to show that given two points P,Q G P 1 (Ct,), we have r v (P) = r v (Q) if and 
only if S V (P,Q) < 1. 

A rational map : P 1 ^ P 1 defined over C„ is said to have good reduction 
if it extends to a morphism <p : Fq — > ¥q v of schemes. In particular, such a 
map induces a a rational map <p : P 1 — > P 1 defined over the residue field k v . 

2.3. The Fatou and Julia sets. Let cj) : P 1 — > P 1 be a rational map defined 
over C„, and let P G P 1 (C^) be a point. We say that the family of iterates 

is equicontinuous at P if for each e > there exists some 5 > such 
that cf) n {D 5 (P)) C D e (<j) n (P)) for all n > 1. The Fatou set J^O) associated 
to (j) is defined as the largest open subset of P 1 (C^) such that {(j) n }^ =1 is 
equicontinuous at each point P G ^ (</>). The Julia set J v {4>) 1S defined to 
be the complement in P 1 (C 1I ) of the Fatou set. 

By definition the Fatou set is open and the Julia set is closed. The Fatou 
set (and therefore also the Julia set) is completely invariant with respect to 
6 in the sense that </)- 1 (J^(0)) = F v {4>) = (j){T v {(j))). Moreover, if v is a 
non-archimedean place at which has good reduction, then J v {(j)) = 0. For 
more details and for the proofs of the basic facts about these sets, see |llj 
§1.4 and §5.4. 

2.4. The discreteness of preperiodic points in the Fatou set. In this 
section we will prove the following result on Fatou preperiodic points. 

Proposition 2. Let v be a place of K, and let (j) '■ P 1 —> P 1 be a rational 
map of degree d > 2 defined over C v . Then the set of preperiodic points in 
Fvitfi) is discrete in T v ((j)). 
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If v is archimedean the proposition follows fairly easily from the finiteness 
of Fatou periodic points. If v is non-archimedean this finiteness property 
fails, which makes the proof somewhat more complicated in this case. We 
first record the following lemma. 

Lemma 3. Let v be a place of K , and let (ft : P 1 — > P 1 be a rational map 
of degree d > 2 defined over C v . Let P be a point in the Fatou set J-" v ((ft) 
which is preperiodic but not periodic. Given any Q E P 1 (C V ), P is not a 
limit point of the sequence {(ft n (Q)}. 

Proof. We will first show that there exists some 5 > such that the disc 
Ds(P) does not meet any of its images (ft n {D${P)) under iterates of (ft, where 
n > 1. To see this, choose e > so small that for each point P' in the forward 
orbit 0+(P) = {(ft n {P) | n > 1} of P, D e {P) does not meet D e (P'); this is 
possible since by assumption + (P) is finite and does not contain P. By the 
equicontinuity of {(ft 71 } there exists 5 > such that (ft n (Ds(P)) C D e ((ft n (P)) 
for all n > 1. Decreasing 5 if necessary we may assume 5 < e, and none of 
the discs D e ((ft n (P)) meet D e {P) D D S (P); thus D S (P) n (ft n {D 5 {P)) = for 
all n > 1, completing the proof of the claim. 

Now, it follows from the existence of such S > that given any Q E 
P 1 (C 1) ), at most one term in the sequence {(ft n (Q)} can fall into the set 
D 5 (P). ' ~ □ 

Proof of Proposition when v is archimedean. Let E be the set of points P 
in J- V {(ft) such that P is not periodic but 4>(P) is periodic. Plainly E is finite 
since J- v {4>) contains only finitely many periodic points ([11] Thm. 1.35 (a)), 
and each point has at most d pre-images. By the complete invariance of the 
Fatou set, the set of preperiodic points in !F v {(ft) is precisely the union of the 
finite set E, its backward orbit 

0~(E) = {Q £ P 1 ^) | (ft n {Q) G E for some n > 1}, 

and the finite set of periodic points in J- V ((ft), In particular, in order to prove 
the proposition it suffices to show that 0~(E) is discrete in T v {cft). 

Suppose on the contrary that 0~(E) has a limit point L in J- V ((ft). Then 
there exists a sequence of distinct points {Q n } in 0~(E) converging to L. 
Since E is finite, passing to a subsequence we may assume that all points 
of the sequence {Q n } are elements of 0~(P) for a single point P E E. 
It follows that P is a limit point of the sequence {(ft n (L)}. [Proof: let 
e > be arbitrary. By the equicontinuity property there exists 5 such 
that (ft m (D s (L)) C D t ((ft m (L)) for all m > 1. Select an element Q n in our 
sequence {Q n } which is in the disc D$(L); then P E D t ((ft m (L)) for the 
m > 1 satisfying (ft m (Q n ) = P. Thus each disc D e (P) around P contains 
some iterate (ft m (L) of L.\ The fact that P is a limit point of the sequence 
{(ft n (L)} contradicts LemmaEJ and thus completes the proof that 0~(E) is 
discrete in T v {(ft). □ 
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When v is non-archimedean, the Fatou set J- v {4>) may contain infinitely 
many periodic points, and therefore a direct translation of the archimedean 
proof of Proposition [2] is not possible. It turns out, however, that the dis- 
creteness of preperiodic points follows almost immediately from results in J. 
Rivera-Letelier's thesis, published as [10J. Actually a related result which 
treats only periodic points is stated as Cor. 4.28 in [10]; the extra arguments 
needed to treat preperiodic points are relatively straightforward. 

We will now briefly summarize the needed results of Rivera-Letelier, and 
we will then complete the proof of Proposition^ Let v be a non-archimedean 
place of K. Rivera-Letelier defines a certain subset £ v (4>) of ^{(j)) called 
the quasiperiodicity domain, which can be characterized as the largest open 
subset of P 1 (C 1; ) such that each point P € £ v (<t>) is a limit point of its 
forward orbit {4> n (P)}^ =1 . One of the main results of [TO] (see Theorem de 
Classification, §4.4) states that each point P in the Fatou set J- v (4>) has one 
of the following three properties: 

• P is an element of a wandering disc D = D r (P) for some r > 0; this 
means that 4) m (D) n 4> n {D) = for all < m < n. 

• P is an element of the basin of attraction B(Q) = {R € P 1 (C t) ) | 
4> kn (R) — * Q as n — > +00} of an attracting periodic point Q of 
period k > 1. 

• Some iterate 4> n (P) of P is an element of £ v ((j>). 

Proof of Proposition^ when v is non-archimedean. Suppose on the contrary 
that L £ J~v{4>) is a limit point of preperiodic points. Plainly L cannot be 
an element of a wandering disc D, since such discs contain no preperiodic 
points. 

Suppose that L is an element of the basin of attraction B(Q) of an at- 
tracting periodic point Q. By replacing <f> with an appropriate iterate (f) k we 
may assume without loss of generality that Q is fixed by 0; thus Q is the 
only periodic point in B(Q). Let E = (^^(Q) \ {Q}- If E is empty then 
Q is the only preperiodic point in B(Q), which contradicts the assump- 
tion that L € B(Q) is a limit point of preperiodic points. Plainly every 
preperiodic point in B(Q) is an element of {Q} L)EdO~(E), and therefore 
since E is finite we may assume without loss of generality that L is a limit 
point of 0~(P) for some P € E. It follows from the same argument (using 
equicontinuity) we used in the archimedean case that P is a limit point of 
the sequence cf) n (L); this contradicts Lemma El since P is preperiodic but 
not periodic. Thus, L cannot be an element of an attracting basin. 

Finally, by Rivera-Letelier's classification theorem, the only remaining 
possibility is that some iterate 4> n (L) is an element of the quasiperiodicity 
domain £ v {4>). Replacing L with <p n {L) we may assume without loss of 
generality that L € £ v (,4>)- But the set of preperiodic points in £ v (4>) is 
discrete: Rivera-Letelier shows ( |10j Prop. 3.16) that there exists an analytic 
function on £ v (4>) which vanishes precisely on the periodic points of £ v (4>), 
and since <f> is injective on £ v ((f>) ([TO] Prop. 3.9 (ii)), £ v ((f>) contains no 
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preperiodic points which are not periodic. We conclude that the set of 
preperiodic points can have no limit point in J- V (<fi). □ 

2.5. The Berkovich projective line and the canonical measure. For 

each place v of K, the Berkovich projective line P* is a Hausdorff, path- 
connected, and compact topological space which contains the ordinary pro- 
jective line P 1 (C dense subspace. In the archimedean case Pj = 
P 1 (C„), but when v is nonarchimedean P* contains many points in addition 
to the ones in P 1 (C, ; ). The v-adic metric S v (-,-) extends naturally to Pj, 
although in the non-archimedean case it does not define a metric on the 
larger space, since for example 5 V (P,P) > for P G Pj \ P 1 (C^). For the 
definition and basic properties of the Berkovich projective line see [3] or [3]. 

Any rational map ^ : P 1 ^ P 1 defined over C„ extends naturally to a 
map (j) : P* — ► P*. Assuming <f) has degree d > 2, the canonical measure 
/i<^t, associated to <f> is a certain positive unit Borel measure on P* which 
satisfies the identities 0*(/i0,u) = fj,^, )V and (ft* ((j,<f> tV ) = d ■ ^ <v . There are 
several equivalent definitions of this measure; for example in [3] it is defined 
as (essentially) the negative Laplacian of a Call-Silverman local canonical 
height function associated to eft. In our proof of Theorem Q] we will make 
essential use of the fact that fx ( j >v occurs as the limiting measure in the 
equidistribution theorem for dynamically small points in P 1 ^); see §3.31 for 
the statement of this theorem. Finally, we will also need to use the fact that 
the support of the canonical measure in Pj does not meet the Fatou set; 
that is 

(1) suppO^) n F v ((j)) = 0. 

For more details on the canonical measure see [9] for the archimedean case 
and [3], Ch. 8 for the non-archimedean case. 

3. Heights, Equidistribution, and the Proof of Theorem [1] 

3.1. Normalized absolute values and global heights. Let K be a num- 
ber field, let Mk denote the set of places of K, and for each v G Mk select 
an absolute value | • | v associated to v such that the product formula holds 
in the form IXueM \ a \v = 1 f° r an a ^ K x . Then more generally, given a 
finite extension L/K, we have n^eAf A - ilo- l (T ( Q! )l'u = 1 f° r au ce & L, where 
the inner product is taken over all [L : K] -fT-embeddings a : L C v . The 
absolute Weil height function h : ¥ 1 (K) — > R is defined by 

H p ) = \ L . K ] X! ma x{\v( z o)\v,\v(zi)\v}, 

' ' veM K a:L^C v 

where L/K is a finite extension such that P G P 1 (L), and z = (zq, z\) G 1? 
is a lift of P; as is well-known, this definition does not depend on the choice 
of L or z. 

Let 4> : P 1 -> P 1 be a rational map of degree d > 2 defined over K. The 
Call-Silverman canonical height function : F 1 (K) — > R associated to (/> is 
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defined by h^P) = lim n _ i . 00 -^h((f) n (P)). A basic property of the canonical 
height is that h</,(P) > for all P E ¥ 1 (K), with equality if and only if P is 
preperiodic; see [11] Thm. 3.22. 

3.2. Dynamical Arakelov-Green's functions. Like many global height 
functions, the canonical height can be decomposed into a sum of local 
terms. A useful object for this purpose is the family of dynamical Arakelov- 
Green's functions 

^iPjxP^diagiP 1 ^)}^^ 

defined for each place v of K; here diagfP 1 ^)} = {(P, P) E X P* | P E 
P 1 (C„)}. The function g^, v is symmetric, continuous, and has a logarith- 
mic singularity along diag{P 1 (C^)} in the sense that (P, Q) i— > g ( f >iV (P, Q) + 
log(5„(P, Q) extends to a continuous function on P* x Pj. As a function 
of one variable P E P 1 (C ?) ), can be viewed as a continuously varying 
family of Call-Silverman canonical local height functions in the sense of |6j. 
For the definition and the proofs of these basic properties of g$ )V see [2] §3.4. 

In addition to its relationship with the canonical height, the function g^^ 
has the following two properties which will be useful to us: first, as a function 
of each variable, g^ v is orthogonal to the equilibrium measure fJ,<f> lV ; and 
second, if v is a place at which <fi has good reduction, and if P, Q E P (C„), 
then 50 jt) (P, Q) is closely related to the intersection multiplicity of P and Q 
in P^ . In the following proposition we will give more precise statements of 
the aforementioned properties of the functions and g^ v . 

Proposition 4. Let (f> : P 1 — > P 1 be a rational map of degree d > 2 defined 
over a number field K. 

(a) J g ( f >!V (P, Q)dfj, ( / }tV (P) = for each place v of K and each 
QEP 1 ^). 

(b) Suppose that v is non-archimedean place at which 4> has 
good reduction, and let P, Q E P 1 (^) be distinct points. Then 
9<t>,v(P,Q) = -log S V (P,Q). In particular, g<f>, v (P,Q) > 0, 
with equality if and only if P and Q do not meet in P^ . 

(c) Let L/K be a finite extension, and let P, Q E P X (L) be 
distinct points. Then 

(2) ^(P) + ^(Q) = ^_ £ g^(o-(P),a(Q)). 

L ' J veM K <x:L^C„ 

Proof, (a) [2] Cor. 4.13. (b) [2J Example 3.43. (c) [2] Lemma 4.1. □ 

Remark. There is no issue of convergence in the right-hand-side of ([2]) , as 
all but finitely many summands are zero. 
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3.3. The equidistribution theorem and the proof of Theorem [Tl 

The following theorem states that, at a given place v of K, small global 
points tend to equidistribute with respect to the canonical measure on 
the Berkovich projective line P*. When v is archimedean this generalizes 
results of Bilu [5] and Szpiro-Ullmo-Zhang [12] : at the level of generality 
presented here the result is due independently to several authors; see below. 

Given a finite set Z of points in P 1 (X), define its height to be the average 
h<f,(Z) = (l/\Z\) YlzeZ h^,(Z) of the height of its points. 

Theorem 5 (Baker-Rumely |2|. Chambert-Loir [7], Favre-Rivera-Letelier 
[8]). Let K be a number field, and let (j> : P 1 — ► P 1 be a rational map of degree 
at least two defined over K. Let v be a place of K, and let e : K ^ C v be a 
K-embedding. Let {Z n }^ =1 be a sequence of finite Qsl(K / K)- stable subsets 
ofP 1 (K) with h^Zn) — > and \Z n \ — ► +oo. Then 



Finally, we are ready to prove our main result. 

Proof of Theorem [0 Enlarging the set S only enlarges the set of 5"-integral 
points with respect to P, so we may assume without loss of generality 
that S contains all places over which 4> has bad reduction. Suppose con- 
trary to the statement of the theorem that the set of preperiodic /S-integral 
points with respect to P is infinite; then there exists a sequence {Z n } of 
Gal^/i^-stable sets of such points with \Z n \ — > +oo. Let V denote the 
set of Gal^/i^-conjugates of P, and for each place v of K, fix once and 
for all an embedding e v : K =— > C v . 

For each place v of K and each n > 1 define 



and let T(n) = ^2 ve M K F (n). We are going to show on the one hand that 




for all continuous functions F : P, 




(3) 



r(n) 



h^P) for all ra > 1 



and on the other hand that 



(4) 



lim r(n) = 0. 



Since P is not preperiodic, h^{P) > 0, and therefore ([3]) and (|3J) contradict 
one another, which proves the theorem. 
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To prove ([3]), fix n > 1, and let L/K be a finite Galois extension which is 
large enough so that Z n U V C P 1 (L). We have 

h ^ p) = \z\v\ £ E(M^)+W)) 

(5) =p^,E E{aEE»««} 

L 1 veM K a:L^Cv 1 " '^e^nQGP 

= S { lg M-pi E S 50,«(et;(^),e„(Q))}, 

which implies (|3|), by the definition of T v (n) and T(n). The first identity in 
© uses the fact that each Z £ Z n is preperiodic and therefore h ( f ) (Z) = 0, 
and that h^Q) = h^{P) for all Q G P; the second identity in © is by 
Proposition U] (c); the third identity in ([5]) follows from the fact that the 
sets Z n and V are Gal(^/ET)-invariant, and thus for each v € Mk the 
summand does not depend on the embedding a : L <—* C v . 

We now turn to the proof of @. First, fix a place v ^ S. By the hypothesis 
that each Z G Z v is <S-integral with respect to P, we have r v (e v (Z)) ^ 
r v (^v(Q)) for each Z £ Z v and QeV, where r„ : P 1 (C„) — > P 1 (fc 1 ,) is the 
reduction map; thus 

g<t>,v(.e v (Z),e v (Q)) = -log5 v (e v (Z),e v (Q)) = 

since 4> has good reduction at v (Proposition[4](b)). It follows that T v (n) = 
for all v £ S. 

Now consider a place v £ S. We have 

(6) Un) = ±- Hev(Z)), 
where 

(7) F{R) = ^Y,9<t>,v{ R MQ))- 

We would like to calculate the limiting value of T v (n) using ([6]) and the 
equidistribution theorem, with F as a testing function; however, the fact 
that F has logarithmic singularities at the points of e v (V) means that it 
does not quite meet the hypotheses of Theorem [5j But e v (V) is contained 
in the v-adic Fatou set F v ((fii) by hypothesis, and therefore by Proposition [2] 
no point in e v (V) is preperiodic or a limit of preperiodic points. Moreover, 
each point in e v (V) is Fatou, and so by ([T]) it does not meet the support of 
the canonical measure fi^, v . Since € V (V) is finite, it follows that F can be 
replaced with a truncation F* meeting the following two requirements: 

• F* is bounded and continuous on Pj; and 

• F*(R) = F(R) for all preperiodic R and for all R in the support of 
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In particular J F*dfi ( f >)V = J Fdfi^^ = 0, by Proposition H] (a). We deduce 
from Theorem [5] that 

(8) T v (n) = j±- F*{e v {Z)) -> ! F*d^ v = 

as n — ► +oo. 

Finally, by ([8]) and the fact that T v (n) = for all v outside the fixed, 
finite set S, we have 

lim r(n) = lim Vr,„(n) = lim T v (n)} = 0. 

n— >+oo n— >+oo ^— ' ^— ' n— >+oo 

i»e5 ves 

This proves ([4]), and completes the proof of the theorem. □ 
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